For two flavors, the seesaw matrix can be identified with a two dimensional representation of the Lorentz group. This analogy facilitates the computation of physical neutrino parameters, while giving an intuitive understanding of the results. It is found that the induced mixing angle exhibits resonance behavior.
1. Introduction.-Although the seesaw model [1] offers a nice explanation for small neutrino masses, its implied pattern of neutrino mixings is far from clear. In fact, the effective neutrino mass matrix, given by R , can contribute significantly to the LH neutrino mixing, especially since there is strong evidence [2] for maximal mixing amongst ν µ and ν τ . A number of papers [3] [4] [5] [6] [7] [8] [9] have been devoted to this goal. In this paper we first establish the mathematical equivalence of the seesaw matrix, in two flavors, with a two dimensional representation of the Lorentz group. This analogy enables us to get simple, exact, solutions relating the physical neutrino parameters to those of m D and M −1 R . These solutions also elucidate the nature of the problem, as well as offer physical insight to the results. 
where U D , V D and V M are general SU(2) rotations. We have written the eigenvalues of M
Also, without loss of generality, we take m i and R i to be real and positive. Let us introduce the variables:
In this parametrization, m eff is a product of matrices of the form exp(iθ j σ j ) and exp(ζσ 3 ).
Since the two dimensional representations of the Lorentz group are J i = σ i /2 (rotations) and K i = iσ i /2 (boosts), m eff itself represents a Lorentz transformation. The parameters ξ and η correspond to the rapidity variables. Our results will be conveniently expressed in the variables:
cosh 2η =
3. Two flavor seesaw model and its exact solutions.-Having established the correspondence between the Lorentz transformation and the two flavor seesaw model, we proceed to use this analogy to obtain its exact solutions.
Using Eqs. (2) and (3), Eq.(1) is given by
We will assume that U D ≈ I. Thus, we consider
where the LH matrix W gives the induced neutrino mixing due to the RH sector of the seesaw
A common goal for model builders is to find those matrices which can give rise to large mixing angles in W . Note that, since W is a general SU (2) matrix, care must be taken to define the mixing angle. If we use the Euler parametrization,
, then it is not hard to verify that φ 1 and φ 3 do not contribute to neutrino oscillations. Thus, this parametrization defines a unique physical mixing angle, φ 2 .
For V R , we also choose the Euler parametrization
Combined with the Lorentz parametrization Eq. (5) and Eq. (6), we see that the angles α and γ can be absorbed into ξ and η as their imaginary part. Thus, we can also interpret α and γ as the phases for complex mass eigenvalues. In particular, γ = π/4 yields
corresponding to Majorana masses with opposite signs. We define
where, with ξ and η defined in Eq. (4),
For clarity, let's first concentrate on the case α = γ = 0,
It is clear, in the Lorentz transformation language, that N 0 e iβσ 2 corresponds to the combination of two boosts:
As in the addition of velocities in special relativity, the result is a boost plus a rotation,
The resultant boost is along the Θ direction with rapidity parameter λ, while [10] the Thomas precession angle is given by ψ. Thus, Θ is the induced LH physical neutrino mixing
angle while e 4λ is the mass ratio of the physical neutrinos.
To evaluate Θ and λ, we can by-pass the computation of ψ by diagonalizing N N T . Since the procedure is valid whether ξ and η are complex or real, we will consider the general case.
We find (for complex Θ = Θ R + iΘ I and λ = λ R + iλ I ) 
It follows that [11] tan 2Θ = sin 2β sinh 2η − cosh 2η sinh 2ξ + cos 2β sinh 2η cosh 2ξ ,
cosh 2λ = cosh 2ξ cosh 2η − cos 2β sinh 2ξ sinh 2η.
Eqs. (22) and (23) form the complete solution of the seesaw model. In terms of the definitions in Eq.(13), the neutrino parameters are given by 
We can choose α to make tan 2Θ real,
tan 2Θ = sin 2β/(cos 2α cosh 2ξ) cos 2β − Σ R tanh 2ξ − Σ I tan 2α (27)
We will now consider special cases of Eq.(27) in more detail. For γ = 0, so that α = 0 and Σ I = 0, corresponding to same sign Majorana masses, we have tan 2Θ 0 = sin 2β/ cosh 2ξ −(tanh 2ξ/ tanh 2η) + cos 2β . 
tanh 2η = cos 2β tanh 2ξ , (cos 2β < tanh 2ξ, γ = π/4).
When we assume lepton quark symmetry (m 1 /m 2 ) ≪ 1, so that tanh 2ξ
with tanh 2η
, these resonance conditions become
Note that the condition cos 2β > tanh 2ξ is a very stringent constraint on β, since one
These results are illustrated numerically in Fig.1 , where Θ is plotted versus M 1 /M 2 . For arbitrary γ, we turn to Eq.(27). Here, the behavior of tan 2Θ is quite intriguing. Let us use the approximation tanh 2ξ ≈ 1 and define
Then tan 2α ∼ = −Σ I /X. In this approximation, tan 2Θ ∼ = ( sin 2β sin 2α cosh 2ξ )
Thus, tan 2Θ exhibits a typical Lorentzian shape with width ∝ Σ I and peaks at X = 0, or
Given β and γ, we can find a solution of Eq.(36) for M 1 /M 2 , which gives the location of the peak value of Θ. If Σ I is small (γ ≈ 0 or π/4), Θ can almost attain its maximum (Θ = π/4).
For large Σ I , Θ remains small. There is one final subtlety. It seems that the transition from γ = 0 to γ ≪ 1 is discontinuous, since the behavior of tan 2Θ, at γ = 0, is ∼ 1/X. However, the sign of tan 2Θ is not physical. This corresponds to the unobservable rotation exp(i
The transition of tan 2Θ ∼ 1/|X| at γ = 0 to Eq.(35) is "smooth".
Summarizing, we see that the case of Majorana mass with complex phase γ interpolates the γ = 0 and γ = π/4 solutions. tan 2Θ, however, only blows up at the end points. When γ is close to either γ = 0 or π/4, tan 2Θ exhibits a sharp peak and Θ is almost maximal.
Away from these points, the peak of tan 2Θ becomes broader, but Θ is no longer maximal.
We now turn to a discussion of the effective neutrino masses (µ 1 and µ 2 ). Eq.(23) yields both the ratio (µ 1 /µ 2 ) and the relative phase of the eigenvalues. Given the parameters ξ and β, η (or (M 1 /M 2 ) and the phase γ) determines not only the mixing angle Θ, but also the masses.
In Fig. 2 , we plot the physical neutrino mixing angle Θ versus cosh 2λ R , for real Majorana masses (γ = 0 or π/4). In Fig. 2a we choose cosh 2β > tanh 2ξ, so that Θ ≈ π/4 for very small values of M 1 /M 2 . We see that cosh 2λ R can be large (i.e., µ 2 /µ 1 ≫ 1). This corresponds to the approximate result obtained earlier in reference [7] . The case cos 2β < tanh 2ξ is depicted in Fig. 2b . Here, it is seen that near Θ ≈ π/4, cosh 2λ R ≈ 1 (µ 1 ≈ µ 2 ).
Thus, for the solution in Eq. (29), with opposite sign Majorana masses, the effective neutrino masses are nearly degenerate (and of opposite sign). In this work we did not treat the three flavor problem. To find an exact solution is quite a technical challenge. Fortunately, we believe that most of the essential physics is already covered by the two flavor model. We hope to return to this question in the future. Fig.2a) , cos 2β = 0.5 < tanh 2ξ and γ = π/4 (Fig.2b) . 
